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The rank one Heisenberg-Virasoro Lie algebra is a central extension of
the Lie algebra {f(t) d
dt
+ g(t)|f, g ∈ C[t, t−1]} of differential operators on a
circle of order at most one. [2] studied the rank one Heisenberg-Virasoro al-
gebra and established a connection between the second cohomology of certain
moduli spaces of curves and that of the Lie algebra of differential operators
of order at most one. [5] constructed a class of irreducible representations
for the Heisenberg-Virasoro Lie algebra of level zero.
In this paper, we generalize the rank one Heisenberg-Virasoro Lie algebra
to the rank two case. Let A = C[x±11 , x
±1
2 ], B be the set of skew derivations
of A spanned by the elements of the form x~m(m2d1 − m1d2), where ~m =
(m1, m2) ∈ Z
2\{~0}, d1, d2 are the degree derivations of A. We set L̃ = A⊕B
and L the derived Lie subalgebra of L̃. It is easy to see that L is a perfect Lie
algebra. In this paper, we study its automorphism group, derivations and its
universal central extension.
Key words: Lie Algebra, Heisenberg-Virasoro, Automorphism
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< x~m ⊕ E(~m) >.h πA : L → A, πB : L → B |GWe	5$qv^xj* πB |q~xa 1.1 a σ ∈ AutL,  σA ⊂ A. e t*qHhJ. x ∈ A vW σ(x) 6∈ A. ~Bbz>`_>
~m < ~n⇐⇒ m1 < n1 or m1 = n1 and m2 < n2.AyU σ(x) 6∈ A, }CqHh πBσ(x) = k∑
i=1
λiE(~mi), XL[K λ1E(~m) 6=
0. )pq[	5$Hh℄qK ~m1 X℄q0! m11 6= 0. }) σ |e	5$Wqv"U y ∈ L, vW σ(y) = E(e2). JPBÆq,





K 6= 0.}C [[σ(x), σ(y)], σ(x)] 6= 0. Q| σ[[x, y], x] ∈ [[A,L], A] ⊂ [A,A] = 0, S4k|5$ σA ⊂ A. 2xa 1.2 h σ ∈ AutL,  πBσ|B ∈ AutB. &IjZy ~m ∈ Γ, IJ













 Heisenberg-Virasoro 	 5Fm y ∈ A ∩ B = {0}, }C πBσ|B |Pe'e*( πBσ|B ∈ AutB.











































6= 0, }C g(~n, ~q) 6= 0.  g(~n′, ~n) = g(~q, ~n−
~n′) = 0, 5$eqvWU ~n′ = ~n, Fm*(~} 2>&5$NgX>qVh Ω = {(A, a, b, c)|A ∈ GL2(Z), a, b, c ∈
C∗}, bz Ω X8q_>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|A| , c−1)| (A, a, b, c) ∈ Ω X6}C Ω 5qVxa 1.4 Ω ∼= GL2(Z) ∝ (C∗ ×C∗ × C∗) e ^xj* Ω1 = {(A, 1, 1, 1)|A ∈ GL2(Z)}, Ω2 = {(I, a, b, c)|A ∈
C∗} | Ω 
FV	&I Ω1 ∩ Ω2 = (I, 1, 1, 1), Ω2  Ω v? Ω1 · Ω2 = Ω,}C Ω = Ω1 ∝ Ω2 ∼= GL2(Z) ∝ (C∗ × C∗ × C∗). 2E5$xgb AutL XX~B AutL XqFVxa 1.5 h Θ1 = {σ|σ ∈ AutL, πAσ|B = 0},  Θ1 | AutL XqFV	&I Θ1 ∼= GL2(Z) ∝ (C∗ × C∗ × C∗) e jZy σ ∈ Θ1, ~} 1.2q, σ|B = πBσ|B ∈ AutB. ℄q*	 [CXLT] 7Xu,X	J A = (aij) ∈ GL2(Z), a, b ∈ C∗, vW
σ(E(~m)) = |A|am1bm2E((m1a11 +m2a12)e1 + (m1a21 +m2a22)e2).E5$> σ  A XM~} 1.3, h
σ(x~m) = k(~m)x(m1a11+m2a12)e1+(m1a21+m2a22)e2 ,C7 k : Γ → C∗ |qe}) σ[E(~m), x~n] = [σ(E(~m)), σ(x~n)], 5$














 Heisenberg-Virasoro 	 7jJ g(~m,~n) 6= 0 X ~m,~n, 'Zwy,D
k(~m+ ~n) = am1bm2k(~n)) = an1bn2k(~m)) (1.3)P ~m = e1, ~n = e2,  (1.3) WU k(e1)a = k(e2)b . jZy ~m ∈ Γ, 5$










 ~m 6Xy 0 1E5$*(~}X℄q+zjZy σ ∈ Θ1, 
σ(E(~m)) = |A|am1bm2E((m1a11 +m2a12)e1 + (m1a21 +m2a22)e2)





















e2,rjZy σ′, σ ∈ Θ1,  σ′σ−1 ∈ Θ1. }C Θ1 | AutL XqFVbzqe τ : Ω → Θ1 _>j (A, a, b, c) ∈ Ω,
τ(A, a, b, c)(E(~m)) = |A|am1bm2E((m1a11 +m2a12)e1 + (m1a21 +m2a22)e2)
τ(A, a, b, c)(x~m) = c · am1bm2x(m1a11+m2a12)e1+(m1a21+m2a22)e2 .^xj* τ |qemI (1.2), 5$













 Heisenberg-Virasoro 	 8 1.6 bze < ·|· >: Z2 ×C2 → C, by < ~m|~c >= m1c1 +m2c2, C7 ~m = m1e1 +m2e2,~c = (c1, c2). C
C2∞ = {(~cij)i,j∈Z|~cij ∈ C





< ~m|~c~r > x
~m+~r + E(~m)C7 < ~r|~c~r >= 0 jZyX ~r ∈ Z2. e h σ̂(E(~m)) = ∑
~r∈Z2
f~r(~m)x
~m+~r + E(~m). P ~c~r := (c1~r, c2~r) =
(f~r(e1), f~r(e2)).  σ̂[E(~m′), E(~n′)] = [σ̂(E(~m′)), σ̂(E(~m′))] 5$
g(~m′, ~n′)f~r(~m
′ + ~n′) = f~r(~m
′)g(~m′ + ~r, ~n′) + f~r(~n
′)g(~m′, ~n′ + ~r) (1.4)E5$*(jZyX ~r ∈ Z2 d f~r(~m) =< ~m|~c~r > # < ~r|~c~r >= 0 .5$z 3 ;Mu
(A). a ~r = r1e1 + r2e2 I r1r2 6= 0. P ~m′ = ~m,~n′ = l ~m,  (1.4) W
g(~m,~r)(f~r(l ~m) − lf~r(~m)) = 0 (1.5)z$P m = e1, e2,  (1.5) W
f~r(le1) = lc
1
















 Heisenberg-Virasoro 	 9P ~m′ = m1e1, ~n′ = m2e2, m1m2 6= 0,  (1.4) W
f~r(~m) =< ~r + ~m|~c~r > (1.7)$X (1.7) 7PJ g(~m,~r) 6= 0 X ~m,  (1.6) 5$ < ~r|~c~r >= 0. (1.7) WUj m1m2 6= 0 XMu f~r(~m) =< ~m|~c~r >. |eWUX
(B). a ~r = r1e1 + r2e2 &I r1 = 0, r2 6= 0 4 r2 = 0, r1 6= 0. )pq[5$Hh r1 = 0# r2 6= 0.  (1.6)JPBÆq>	5$ f~r(m1e1) = m1c1~r.P ~m′ = e1 + ke2, ~n′ = e1,  (1.4) W
kf~r(2e1 + ke2) = f~r(e1 + ke2)(k + r2) + c
1
~r(k − r2) (1.8)P ~m′ = 2e1, ~n′ = ke2,  (1.4) W
2kf~r(2e1 + ke2) = 4c
1
~rk + 2f~r(ke2)(k + r2) (1.9)P ~m′ = e1, ~n′ = ke2,  (1.4) W
kf~r(e1 + ke2) = c
1
~rk + f~r(ke2)(k + r2) (1.10) (1.8)(1.9)(1.10) eWU












 Heisenberg-Virasoro 	 10P ~m′ = m1e1, ~n′ = m2e2, m1m2 6= 0,  (1.4) W f~r(~m) = c1~rm1. }CjZy ~m ∈ Γ, f~r(~m) = c1~rm1. r f~r(~m) =< ~m|~c~r > # < ~r|~c~r >= 0.
(C). a ~r = 0,  (1.4) qS>
g(~m,~n)(f~0(~m) + f~0(~n) − f~0(~m+ ~n)) = 0 (1.12)




< m|~cij > x
~m+ie1+je2 + E(~m)
ρ((~cij)ij)x
~m = x~m.Sj* ρ((~cij)ij) |qe℄q*	jZy (~bij)ij, (~cij)ij ∈ C2∞, 5$
ρ((~bij)ij + (~cij)ij) = ρ((~bij)ij)ρ((~cij)ij), }C ρ |qV 2Ya 1.9 AutL ∼= (GL2(Z) ∝ (C∗ ×C∗ ×C∗)) ∝ C2∞ e ~B5$*( AutL = Θ2Θ1. jZy σ0 ∈ AutL, bz σ1 )
σ1|B = πBσ0|B, σ1|A = σ0|A, 5$ σ1 ∈ Θ1, σ0σ−11 ∈ Θ2, }C AutL =
Θ2Θ1. >&5$*('zY|(qX{t	a σ′1 ∈ Θ1, σ′2 ∈ Θ2 |qzY	5$ σ2σ1 = σ′2σ′1, }C σ′1σ−11 = σ′2−1σ2. }) Θ1 ∩Θ2 = id, 
σ1 = σ
′
1, σ2 = σ
′
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